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Metamaterials with tailored force–displacement characteristics hold significant promise 
for applications ranging from soft robotics and energy dissipation to biomedical devices 
such as prosthetic sockets, where distinct regions of a structure must simultaneously 
satisfy fundamentally different mechanical requirements. Existing inverse design frame
works, however, are restricted to single-loading conditions and homogeneous desired 
behaviors, limiting their utility in real-world scenarios where complex, spatially varying 
mechanical demands must be met within a single continuous material. We present an 
inverse design method that closes this gap by combining finite element simulation, surro
gate optimization, and machine learning within a unified framework. Starting from a fixed 
unit cell topology governed by 11 geometric shape parameters, we first construct a surro
gate model that replaces each unit cell with a polynomial energy density, reducing the 
metamaterial-scale inverse problem to a tractable optimization over polynomial coeffi
cients. A multi-output multilayer perceptron trained on finite element simulations then 
maps any required unit cell force–displacement response back to the corresponding 
shape parameters. We extend the formulation to multi-surface loading, enabling two qual
itatively distinct force–displacement targets to be achieved simultaneously in different 
regions of the same structure. Fabricated prototypes tested under prescribed displace
ments confirm that the predicted responses, spanning superelastic, bistable, and cons
tant-force behaviors, are reproduced with high fidelity. These results demonstrate a 
flexible and computationally efficient route to multifunctional metamaterial design under 
realistic, multi-condition loading environments. [DOI: 10.1115/1.4071782]
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1 Introduction
Metamaterials are artificially designed microstructures, which 

can exhibit varied unusual properties in a single continuous mate
rial [1–4]. By tailoring the design of unit cells, metamaterials can 
exhibit a diverse range of mechanical behaviors [5,6], such as non
linear responses, superelasticity, bistability, and constant-force 
characteristics [7–10]. These properties make them ideal for appli
cations such as soft robots [11–13], energy dissipation systems 
[14–17], and prosthetics [18,19]. In particular, their ability to cus
tomize mechanical responses and tunability [20] under varying 
loading conditions enables effective solutions for complex envi
ronments [21–25]. The force–displacement response is an impor
tant indicator of the material’s underlying mechanism, providing 
insights into the material’s behavior, including the amount of 
energy it absorbs and the maximum loads it can sustain [14,26].

Inverse design is a key approach in metamaterial research, 
enabling the optimization of material structures to achieve specific 
mechanical responses [27,28]. This approach leverages computa
tional simulations to establish relationships between geometry 
and performance. Advances in machine learning and shape 

optimization have significantly improved the efficiency of 
inverse design methods, enabling the rapid prediction and refine
ment of mechanical behaviors across various conditions. For 
instance, inverse design techniques have been successfully 
applied to develop energy-absorbing structures that achieve prede
fined stress–strain curves, contributing to automotive crash protec
tion and occupant safety systems [29]. Similarly, machine learning 
models combined with evolutionary strategies have been used to 
design metamaterials with highly nonlinear responses, facilitating 
applications such as morphing structures [30]. However, most 
existing research primarily focuses on single-loading scenarios, 
such as pure compression or tension, limiting their applicability 
to real-world conditions. Since practical applications often 
involve complex loading environments with multiple simultaneous 
forces, there is a pressing need for more versatile design 
frameworks.

To address this limitation, we introduce an inverse design 
approach that accounts for multiple loading conditions. Our frame
work optimizes the force–displacement behavior of metamaterials 
under diverse loading scenarios, enhancing adaptability to real- 
world applications. By considering different force types and orien
tations, we aim to develop metamaterials capable of exhibiting 
multiple functions, including damping, spring-like responses, and 
force distribution. This is achieved by tuning the shape parameters 
of unit cells while maintaining the same topology, which enables 
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spatially tailored mechanical responses within a continuous 
material.

Our methodology begins with the development of a dataset cap
turing mechanical responses from different unit cell structures, 
including bistable behaviors, superelasticity, and constant-force 
responses, all governed by unit cell geometry. Because these meta
materials undergo large deformations, we employ a hyperelastic 
material model to ensure accurate characterization. Finite 
element simulations predict how variations in unit cell shape influ
ence mechanical responses under different loading conditions. 
Machine learning is then integrated into our design to streamline 
the inverse design process. By training a multilayer perceptron 
(MLP) on our simulation results, we rapidly predict unit cell geom
etries that achieve the desired mechanical responses. Additionally, 
we develop a surrogate model that simplifies the unit cell’s beha
vior into fundamental geometric elements while preserving its 
mechanical characteristics. This surrogate model enhances compu
tational efficiency, enabling rapid performance predictions under 
varying loading conditions.

This work provides a flexible framework for designing multi
functional metamaterials. An application of this approach is in 
the design of prosthetic sockets, where different regions require 
distinct mechanical properties. For instance, the tip of a prosthetic 
socket may need energy absorption to mitigate impact forces 
during walking, while the lateral regions must maintain a constant 
grip for stability and comfort. By tailoring metamaterial properties 
to fulfill these distinct functions simultaneously, we can design 
prosthetic devices that enhance user comfort and efficiency 
without the need to assemble multiple materials. To validate our 
designs, we fabricate the unit cells using 3D printing, allowing 
us to experimentally assess their performance and compare it 
with computational predictions.

Finally, our research presents an approach to the inverse design 
of metamaterials that accounts for multiple loading conditions. By 
combining computational simulations, machine learning, and 3D 
printing, we develop adaptable materials with real-world applica
tions. This approach expands the possibilities for advanced mate
rial design in biomedical applications, energy dissipation 
systems, and soft robotics. By optimizing metamaterials for 
diverse loading scenarios, our work paves the way for more effi
cient and multifunctional material solutions to complex engineer
ing challenges.

2 Unit Cell Design Space
The inverse design method rests on a characterization of the 

force–displacement responses that are achievable within a given 
topology. This section introduces the unit cell geometry, its 
shape parameters, and the finite element dataset that maps geome
try to response. Both the surrogate optimization and the machine 
learning model described in subsequent sections draw directly 
from this dataset.

2.1 Topology and Shape Parameters. The unit cell topology 
is shown in Fig. 1. It consists of two interacting curves: an upper 
curve that governs the primary deformation mechanics under 
loading, and a lower curve that helps the structure to recover 
after large deformations. When the configuration promotes snap- 
through, the unit cell is bistable: it jumps between two stable 
states, and the lower curve does not push the top curve back. The 
topology is parameterized by 11 scalar shape parameters, heights 
h1–h6, widths t1, t2, s, and b, and a curvature offset a. These param
eters collectively control the geometry of both curves. Varying 
them within the fixed topology spans the full range of superelastic, 
bistable, and constant-force responses in the dataset.

2.2 Finite Element Simulations. To characterize how the 11 
shape parameters control the force–displacement response, we 

performed a large set of finite element simulations using the 
FEniCS software framework [31]. Each unit cell is modeled with a 
Neo-Hookean hyperelastic constitutive law to capture large defor
mations. Shape parameters were sampled broadly across their fea
sible ranges. By varying the shape parameters with different 
combinations, the unit cell was subjected to a full loading–unload
ing cycle recorded at 50 equally spaced displacement steps, and the 
resulting force–displacement curve was stored. This process pro
duced a dataset of 10,295 designs. Figure 2 summarizes the 
dataset through two scalar quantities extracted from each curve: 
the peak force during loading and the total energy absorbed over 
one loading–unloading cycle. These two quantities serve as a 
compact descriptor for each design. The dataset contains 5552 
superelastic designs and 1384 bistable designs; the remaining 
designs fall into intermediate categories. Superelastic designs 

Fig. 1 Unit cell topology and shape parameters. The unit cell is 
defined by 11 parameters: heights h1–h6, widths t1, t2, s, and b, 
and curvature offset a. These parameters control the geometry 
of the upper and lower curves. Varying them within the fixed 
topology produces the full range of superelastic and bistable 
responses observed in the dataset.

Fig. 2 Dataset overview: peak force and energy absorption 
across 6936 classified unit cell designs. Each point represents 
a single unit cell design plotted by its peak force (horizontal 
axis) and energy absorbed per loading–unloading cycle (verti
cal axis). Superelastic designs (stars, n = 5552) occupy the 
upper portion; bistable designs (circles, n = 1384) cluster 
toward the lower end. A trend line (r = 0.925) shows that the 
two quantities are coupled across the dataset, reflecting the 
shared geometric origin of both properties.
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occupy the upper portion of the scatter plot, with higher peak forces 
and energy absorption, while bistable designs cluster toward the 
lower end. A trend line with correlation coefficient r = 0.925
shows that peak force and energy absorption vary together across 
the dataset. This correlation reflects the fact that the overall geom
etry controls both quantities simultaneously, and it means that the 
design space has a structured geometry that the surrogate optimiza
tion can navigate without searching in a brute-force manner.

3 Inverse Design Pipeline
With the dataset established, we can pose the inverse problem. 

Given a prescribed force–displacement curve for an assembled 
metamaterial, find the unit cell geometries whose combined 
mechanical response reproduces the target. In the multi-surface 
case, there are multiple independent responses, each associated 
with a different loading surface. The framework proceeds in two 
sequential stages, illustrated in Fig. 3. In the first stage, the meta
material is replaced by a surrogate model in which each unit cell 
is represented by a rectangular domain with a polynomial energy 
density. Optimizing the polynomial coefficients of each domain 
determines the force–displacement response that each unit cell 
must produce in terms of a third-order polynomial. In the second 
stage, a machine learning model maps each required unit cell 
response back to the 11 shape parameters that generate it. The 
remainder of this section describes each stage in detail.

3.1 Surrogate Model. Directly simulating a full metamaterial 
with a complex unit cell geometry is computationally expensive. 
The surrogate model addresses this by replacing each complex 
unit cell with a rectangular domain whose behavior is described 
by a third-order polynomial constitutive response. The polynomial 
coefficients serve as the decision variables for the optimization. 
Their allowed range is constrained to remain within the bounds 
of the finite element dataset, so that every optimized response cor
responds to a geometrically realizable design within the unit cell 
topology. Figure 4 illustrates the surrogate construction for a 
2 × 1 metamaterial. The two physical unit cells are replaced by 
rectangular domains Ω1 and Ω2, each governed by its own polyno
mial energy density, with a Neo-Hookean layer Ω3 connecting both 
to the loading surface.

3.1.1 Governing Equations. For a domain Ω ⊂ Rd, the displa
cement field u : Ω→ Rd satisfies static equilibrium with prescribed 
boundary displacements

−div(P(∇u)) = 0

in Ω, with u = uj on ∂Ω1, u = 0 on ∂Ωbottom
(1) 

The equilibrium state minimizes the total potential energy

min
u∈V

Π, Π =
􏽘3

i=1

􏽚

Ωi

ψ i(F) dΩi (2) 

where V is a function space satisfying the displacement boundary 
conditions.

For the polynomial unit cell domains Ω1 and Ω2, the stored 
energy density is a polynomial in the Green–Lagrange strain com
ponent E11

ψ1,2 =
ai

4
E4

11 +
bi

3
E3

11 +
ci

2
E2

11 + diE11 (3) 

where di = 0 in all cases. For the connecting layer Ω3, the Neo- 
Hookean stored energy is

ψ3 =
μ
2

(IC − 3) − μ ln (J) +
λ
2

( ln J)2 (4) 

where μ and λ are Lamé parameters, IC = tr(C) is the first invariant 
of the right Cauchy–Green tensor C = F⊤F, and J = det (F) with F
the deformation gradient. The First Piola–Kirchhoff stress in each 
domain is

P
􏼌
􏼌
x∈Ωi

=
∂ψ i

∂F
(5) 

The reaction force on the loading surface is computed by inte
grating the traction over ∂Ω1, where n̂ denotes the outward unit 
normal to the surface and N̂ denotes the unit vector in the pre
scribed loading direction. The scalar reaction force in the direction 
N̂ reads

f = N̂ ·
􏽚

∂Ω1

P|u=δn̂·n̂ dA (6) 

Fig. 3 The inverse design pipeline: (1) a surrogate model, in which each unit cell is replaced by a polynomial energy density, is 
optimized to match the target, yielding the required force–displacement behavior of each unit cell; (2) a desired force–displace
ment curve is specified for the assembled metamaterial; (3) a machine learning model maps each required unit cell response to 
the 11 shape parameters that produce it, using the finite element dataset; and (4) the resulting example unit cell geometries are 
assembled into the full metamaterial. Arrows show the direction of information flow.

Fig. 4 Surrogate model of a 2 × 1 metamaterial. The two phys
ical unit cells are replaced by rectangular domains Ω1 and Ω2, 
each governed by a polynomial energy density. A Neo-Hookean 
layer Ω3 connects both domains to the prescribed displacement 
boundary ∂Ω1 (top, arrows). The fixed bottom boundary 
∂Ωbottom is indicated by hatching.
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where δ is the prescribed displacement magnitude (so that u = δn̂
on ∂Ω1).

3.1.2 Single-Surface Optimization. The target force–displace
ment curve f̂ (δ) is discretized into T displacement–force pairs 
{(δj, f̂j), j = 1, . . . , T}. The optimization minimizes the squared 
mismatch between the surrogate force and the target

L =
1
2

􏽘

j

f̂ (δj) − N̂ ·
􏽚

∂Ω1

P|u=δjn̂·n̂ dA

􏼒 􏼓2

(7) 

over the polynomial coefficients ai, bi, ci for each unit cell 
i = 1, . . . , N × M. In the 2 × 1 example, each unit cell contributes 
three decision variables, giving six in total.

To ensure that the optimized coefficients correspond to designs 
within the finite element dataset, we apply a barrier penalty. Let 
p1(δ) and p2(δ) denote the lower and upper envelopes of the 
dataset forces at displacement δ. We require, for each unit cell k
and each displacement step j

p1(δj) < fk(uj) < p2(δj) (8) 

To penalize solutions that approach the dataset boundaries, we 
add a power-law barrier term to the objective. Define the proximity 
to each bound as

r(1)
k (δj) = fk(uj) − p1(δj) − ϵ1, r(2)

k (δj) = p2(δj) − fk(uj) − ϵ2 (9) 

where ϵ1, ϵ2 > 0 are small offsets that set a buffer inside the dataset 
envelope, so that the barrier activates before the hard boundary is 
reached. Both quantities are positive whenever the constraint 
p1(δj) < fk(uj) < p2(δj) is satisfied, and they approach zero as fk

approaches the respective bound. The full objective with barrier 
terms becomes

L =
1
2

􏽘

j

f̂ (δj) − N̂ ·
􏽚

∂Ω1

P|u=δjn̂·n̂ dA

􏼒 􏼓2

+ γ
􏽘

k

􏽘

j

1

(r(1)
k (δj)) p

+
1

(r(2)
k (δj)) p

􏼠 􏼡

(10) 

where γ ≥ 0 is a penalty weight and p > 0 controls the steepness of 
the repulsion near the dataset boundaries. A sufficiently large p
approximates a hard wall. This strategy reduces the sensitivity of 
the result to the initial guess, which is significant in this nonlinear 
problem. Figure 5 shows the single-surface optimization results for 
two metamaterial configurations and two desired curve shapes 
each. For a 1 × 3 configuration, the optimized surrogate response 
follows the objective across the full displacement range. For a 
2 × 2 configuration, a discrepancy grows with displacement. This 
discrepancy arises because the surrogate treats unit cells indepen
dently and does not capture the mechanical interaction that devel
ops between rows in a fully assembled structure. As the number of 
rows increases, localized row-to-row interactions become more 
pronounced. It establishes the foundational force–displacement 
characteristics of multi-row structures, providing an effective base
line for the inverse design method.

3.1.3 Multi-Surface Optimization. The framework extends to 
multiple loading surfaces by including one boundary condition 
and one objective curve per surface. Figure 6 shows a 2 × 5 meta
material with two independent loading surfaces Ω1 and Ω2 applied 
at different locations on the top boundary. The governing equations 

Fig. 5 Surrogate optimization results for single-surface loading. Each panel compares the desired force–dis
placement curve (dashed) with the surrogate force at the optimized polynomial coefficients (solid). Results 
are shown for a 1 × 3 configuration (left) and a 2 × 2 configuration (right), each for two different desired 
shapes. For the single-row configuration, agreement is close across the full displacement range.
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become

−div(P(∇u)) = 0 in Ω (11) 

u1 = u1,j on ∂Ω1 (12) 

u2 = u2,j on ∂Ω2 (13) 

u = 0 on ∂Ωbottom (14) 

The objective now sums the mismatch at both surfaces

L =
1
2

􏽘

j

f̂1(δ1,j) − N̂ ·
􏽚

∂Ω1

P|u1=δ1,jn̂·n̂ dA

􏼒 􏼓2
􏼢

+ f̂2(δ2,j) − N̂ ·
􏽚

∂Ω2

P|u2=δ2,jn̂·n̂ dA

􏼒 􏼓2
􏼣 (15) 

where f̂1 and f̂2 are the two desired curves for each surface.
Figure 7 shows the result of the multi-surface optimization. The 

optimized polynomial coefficients bring the response of both 
loading surfaces close to their respective objectives. The two 
resulting curves are qualitatively different: one exhibits a stiffening 
response and the other a plateau followed by a gradual rise. This 
confirms that the multi-surface formulation can encode spatially 
distinct mechanical behaviors within a single continuous body 
without physically separating the two regions.

A notable limitation of the current optimization framework, par
ticularly in multi-row configurations, is its sensitivity to the initial 
guess. The design space for these highly nonlinear mechanical 
responses is complex; thus, an ill-chosen starting point can 
degrade the performance of the optimization algorithm. For 
instance, attempting to optimize for a constant-force behavior 
while initializing the solver with parameters that yield a superelas
tic response forces the algorithm to navigate across disparate beha
vioral regimes, often leading to poor convergence. Providing a 
more informed, physics-guided initial guess would likely mitigate 
this issue and yield improved optimization outcomes.

3.2 Machine Learning for Shape Parameter Recovery. The 
surrogate optimization yields the coefficients of the polynomials 
that approximate the unit cell force–displacement response. This 
response is represented by a sequence of 50 displacement–force 
pairs, specifying the mechanical behavior that the cell must 
produce. The remaining step is to find the 11 shape parameters 
that generate this response in a finite element simulation. There 
is no closed-form expression relating shape to response, and the 
mapping is generally many-to-one: multiple geometries can 
produce curves that are close to one another. We approach this 

as a regression problem and solve it with a multi-output MLP 
trained on a dataset of 10,295 simulations.

3.2.1 Feature Representation. Presenting the raw 50 force 
values directly to the network is possible but not the most informa
tive input representation. We instead map each force–displacement 
curve to an 82-dimensional feature vector before passing it to the 
network. The feature vector contains four classes of information. 
Statistical descriptors capture the mean, variance, skewness, and 
higher moments of the force signal. Spectral descriptors contain 
Fourier coefficients that represent the frequency content of the 
curve. Gradient information provides the local slope at each displa
cement step, encoding how rapidly force changes with displace
ment. Energy distribution quantities give the cumulative integral 
of force up to each displacement point, so that the feature vector 
carries information about how energy absorption builds over the 
loading cycle. This representation removes redundancy in the 
raw signal, emphasizes quantities that vary systematically with 
geometry, and produces a better-conditioned regression problem 
than the raw force values.

3.2.2 Network Architecture and Training. The task is to learn 
the mapping x̂ = f (ϕ(D)), where

D = {(δi, Fi)
􏼌
􏼌 i = 1, 2, . . . , 50} (16) 

is the specified force–displacement curve, ϕ is the feature extrac
tion operator defined above, x = [x1, . . . , x11] is the shape parame
ter vector, and f is the regression function to be learned. The 
network has three hidden layers of sizes (256, 128, 64) with 
ReLU activations and outputs all 11 shape parameters jointly. 
Training all output dimensions together allows the network to 
use correlations between shape parameters: in designs with a par
ticular mechanical character, certain height and width parameters 
tend to take coordinated values, and joint training captures these 
dependencies more effectively than training 11 separate single- 
output models would. Overfitting is controlled by early stopping 
based on performance on a held-out validation set.

3.2.3 Prediction Accuracy. Figure 8 compares specified 
force–displacement curves with curves obtained by running finite 
element simulations of the geometries predicted by the network, 
for eight representative examples. The examples span the range 

Fig. 7 Multi-surface optimization result for a 2 × 5 metamater
ial. The optimized force–displacement response (solid) is 
shown alongside both desired curves (dashed). The surrogate 
identifies polynomial coefficients for each unit cell such that 
the response at both loading surfaces matches its respective 
target. The two curves are qualitatively distinct, confirming 
that the multi-surface formulation can encode different mechan
ical behaviors in different regions of a single continuous 
material.

Fig. 6 Multi-surface loading configuration. A 2 × 5 metamater
ial with two distinct loading surfaces, ∂Ω1 (top left) and ∂Ω2
(top right), each subjected to an independent prescribed displa
cement. The bottom surface is fixed. Each surface can be 
assigned a different desired force–displacement curve, so that 
distinct mechanical behaviors are encoded in different regions 
of a single continuous structure.
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of shapes in the dataset: rising responses, curves with a pronounced 
peak followed by a drop, and curves that remain constant over a 
range of displacement before rising again. In the examples, the 
simulation of the predicted geometry follows the target closely. 
The largest deviations occur near sharp peaks and inflection 
points, where small changes in shape parameters produce relatively 
large changes in the force response, making these regions the most 
demanding for the regression model. Averaged over the full test 
set, the R2 between the target and the finite element simulation 
of the predicted geometry is 0.996.

4 Fabrication and Experimental Comparison
The inverse design approach terminates with a set of 11 shape 

parameters for each unit cell in the assembled metamaterial. Vali
dating that these parameters produce physically accurate designs 
requires comparing simulated force–displacement predictions 
against measurements on fabricated specimens. We therefore fab
ricated unit cell designs spanning the full behavioral range of the 
pipeline and subjected each to compression tests.

4.1 Fabricated Designs. A selected set of designs exercises 
the qualitatively distinct regimes accessible within the fixed topol
ogy, spanning bistable designs with varying energy absorption, 
constant-force behavior, and superelastic designs with different 
peak forces. These physical prototypes were fabricated by fused 
deposition modeling in TPU 95A, a thermoplastic polyurethane 
whose rate-independent elastic behavior is well approximated by 
the Neo-Hookean constitutive model used in the simulations.

4.2 Mechanical Testing. Compression testing for the fabri
cated cells was performed on a Mark-10 ESM303 motorized 
testing machine equipped with a 50 N load cell. Displacement 
was applied consistently with the rate-independent assumptions 
underlying the finite element model. Force–displacement curves 
were recorded continuously over the full prescribed displacement 
range and stored for comparison with the finite element predictions 
obtained from the shape parameters returned by the machine learn
ing model.

4.3 Results. Figure 9 illustrates the force–displacement 
response of a fabricated unit cell under prescribed displacement. 

The measured experimental curve tracks the finite element predic
tion closely across the full displacement range, successfully captur
ing the highly nonlinear structural behavior. The inset photographs 
correlate key points on the curve with physical deformation states: 
the initial undeformed geometry, the onset of snap-through insta
bility at the local peak force, and the highly deformed configuration 
at the local force minimum prior to structural stiffening.

Figure 10 presents the complete experimental comparison for the 
designs. The superelastic designs exhibit smooth, monotonically 
rising force–displacement responses in both measurement and 
simulation. The constant-force design maintains a near-flat force 
plateau over the tailored displacement range. Both bistable 
designs exhibit snap-through instability in the experimental 
response. The critical snap-through force and the post-snap 

Fig. 8 Machine learning predictions verified by finite element simulation. Each panel shows an intended force–displacement 
curve (solid) and the curve produced by simulating the geometry predicted by the network (dashed, labeled FEA result). Eight 
representative examples are shown, covering the range of curve shapes in the dataset. The MSE between target and finite 
element result is reported in each panel. Agreement is close for most examples; the largest deviations occur near sharp 
peaks, where the geometry-to-response mapping is most sensitive to small changes in shape parameters.

Fig. 9 Force–displacement response and deformation stages 
of a representative unit cell. The experimental measurement 
(solid line) shows agreement with the finite element prediction 
(dashed line). Inset photographs illustrate the physical deforma
tion at key points along the response curve: the initial unde
formed state (left), the onset of snap-through instability near 
the local peak force (middle), and the highly deformed buckled 
configuration at the local force minimum (right).
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equilibrium force level agree closely with the finite element predic
tions in both cases. One of the two bistable designs shows a small 
deviation on the unloading branch, which we attribute to geometric 
imperfections introduced during printing. Such imperfections 
perturb the height of the energy barrier between stable states 
without substantially altering the loading path, producing the 
asymmetry between loading and unloading branches observed in 
the measurement. Across all designs and all behavioral regimes, 
the fabricated specimens reproduce the qualitative character of 
the predicted responses and agree quantitatively at a level consis
tent with manufacturing tolerances and the idealization of the con
stitutive model. To quantitatively evaluate the discrepancy between 
the physical measurements and the computational predictions, the 
mean squared error (MSE) is calculated by linearly interpolating the 
simulated force data onto the discrete experimental displacement 

coordinates, expressed as MSE = 1
T

􏽐T
i=1 Fexp(δi) − F̃FEA(δi)
􏼂 􏼃2

, 
where F̃FEA denotes the calculated numerical force. The mean 
squared errors reported in Fig. 10 confirm that no single behavioral 
regime presents a systematic failure of the framework; the largest 
absolute errors occur in the bistable designs, where the steep 
force drop at snap-through amplifies the sensitivity of the error 
metric to small displacement shifts in the instability point.

5 Conclusions and Future Work
We have presented a two-scale inverse design methodology for 

mechanical metamaterials that extends previous work in two ways. 
First, the pipeline targets the force–displacement response of the 
assembled metamaterial rather than individual unit cells in isola
tion, using a polynomial surrogate model at the metamaterial 
scale to connect unit cell behavior to the macroscale response. 
Second, the framework handles multiple independent loading sur
faces within a single continuous structure, allowing different 
regions of the same metamaterial to produce qualitatively distinct 
force–displacement behaviors simultaneously. This design 

method is particularly advantageous for metamaterials character
ized by complicated unit cells, where the nonlinear mapping 
between the unit cell geometry and the response of the metamater
ial is computationally expensive. By employing a surrogate 
model, navigating these intricate design spaces to obtain targeted 
mechanical responses becomes significantly more tractable and 
efficient. The process combines three components. A polynomial 
surrogate model replaces each unit cell with a rectangular 
domain governed by a polynomial energy density whose derivative 
yields a third-order constitutive response and optimizes the coeffi
cients of each domain to minimize the mismatch between the 
assembled surrogate response and the prescribed target. A finite 
element dataset of 10,295 simulations maps the 11-parameter 
shape space to force–displacement curves. A multilayer perceptron 
trained on this dataset inverts the geometry-to-response mapping at 
the unit cell scale, recovering the shape parameters that produce 
any desired curve the surrogate optimizer specifies. Fabricated pro
totypes in TPU 95A confirm that the system produces designs 
whose physical responses agree with predictions across superelas
tic, constant-force, and bistable behaviors. Several aspects of the 
current framework can be developed further. The polynomial sur
rogate model treats unit cells independently. For single-row meta
materials, this approximation performs well, but for multi-row 
configurations, the coupling between adjacent rows introduces dis
crepancies that grow with the number of rows. Incorporating 
row-to-row interactions in the surrogate, either through a more 
detailed constitutive description of the interface regions or 
through a formulation that treats groups of cells as a unit, would 
reduce this error. The machine learning model’s accuracy 
depends on how well the training data covers the region of shape 
space relevant to a given required curve. The current dataset 
samples the 11 parameters broadly, but coverage near transitions 
between behavioral regimes, such as the boundary between super
elastic and bistable responses, is not specifically dense. Targeted 
data collection in these regions, guided by active learning or by 
the distribution of targets produced during optimization, would 

Fig. 10 Measured force–displacement curves compared with finite element predictions for six fabricated designs. In each panel, 
the solid curve is the experimental measurement and the dashed curve is the finite element prediction obtained from the shape 
parameters returned by the machine learning model; the MSE between the two is reported in each panel inset. The unit cell geom
etry is shown alongside each panel. The six designs span the full behavioral range intended by the process: superelastic 
responses at different peak forces, constant-force response, and bistable responses with different levels of energy absorption.
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improve accuracy where it is most important. The framework is 
specific to the planar topology explored here. Applying it to three- 
dimensional topologies or to topologies with different connectivity 
would require new simulation data and retraining the machine 
learning model, but the structure of the process would carry over 
directly. Three-dimensional topologies would give access to aniso
tropic responses and multi-axial loading scenarios that are not 
reachable within a planar geometry. The multi-surface results 
suggest a path toward spatially graded metamaterials in which 
every unit cell is independently optimized for its local loading envi
ronment. In the prosthetics application that motivated this work, 
this would mean specifying the desired energy absorption at the 
socket tip, the gripping force profile along the lateral walls, and 
the stiffness transition between them in a single design pass, with 
the methodology determining the full spatial distribution of unit 
cell geometries. Extending the framework to loading conditions 
that vary with direction or rate would broaden its range of applica
tion to structures whose mechanical environment changes both in 
space and over time. Finally, as a direct extension of this work, 
future efforts will focus on the physical fabrication and comprehen
sive experimental testing of these computationally optimized meta
material structures. Validating the numerically predicted behaviors 
of complex, multi-row designs against physical prototypes under 
realistic loading conditions will be crucial to establish the practical 
efficacy of the proposed inverse design methodology.
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